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CHAPTER 3 
 
 
THEORETICAL STUDIES 
 
3.1 INTRODUCTION 
 
The results of numerous studies in the preceding chapter have revealed that 
detailed theoretical and experimental research on FGMs is still lacking. Even though 
new findings are being made known which can help to improve the manufacturing and 
fabrication process of FGMs, the theory is still incomplete because of the complexity of 
the physics involved. The conclusive fundamental studies which cover the classical 
theory of the structural mechanics and the material properties of FGMs are discussed in 
detail throughout this chapter. The study of the mechanics of FGMs as multifunctional 
laminated composite materials containing various microstructures and compositions is 
at the level of enhancement and implementation. It is a rather complex problem that has 
challenged researchers in this field. Presently, although progress in the development of 
engineering mechanics of FGMs is noticeable, it does not claim to be exhaustive. As a 
result, broad investigations and studies on various topics in the mechanics of FGMs 
needs to be explored and established.  
 
In theory, a significant feature of FGMs is highlighted when the physical 
behaviours of the structures are different from those of most common engineering 
materials without a graded profile. The composition and microstructure profiles of 
FGMs vary gradually along the thickness plane, which leads to the corresponding 
difference in the properties of the structures. From a theoretical perspective, the 
mechanics of a structure are mostly affected by elastic properties such as Young’s 
modulus, the shear modulus and Poisson’s ratio. Therefore, the stress-strain relations 
stimulated within various elastic properties are required to obtain the responses of 
FGMs subjected to certain loading conditions. The theoretical basis of FGMs, which 
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describes the consecutive relations between the ingredients and the responses under an 
equilibrium state, are presented in this section. 
 
3.2 MATERIAL GRADIENT 
 
As mentioned earlier, FGMs are microscopically inhomogeneous materials in 
which the properties vary continuously from one surface to the other. The schematic 
representation and structure configuration of a developed metal-ceramic FGM with a 
Cartesian coordinate of (O, x, θ, z) is depicted in Figure 3.1. It is shown that the pure 
layers with single-phase ingredients take place at the end surfaces of the structure. As 
the microstructural features and properties of these layers are homogeneous in all 
directions, the material properties at all coordinates inside the layers refer to the 
properties of the base materials. Unlike the properties at the end surfaces, the variation 
in composition and microstructure along the orthogonal plane of the intermediate layers 
reflects various corresponding properties. Realistic assumptions of the behaviours of the 
FGM layers need appropriate consecutive relations containing approximated thermo-
physical property data. The estimation process is quite complicated since the fabrication 
process and the utilization of FGMs definitely involve significant temperature changes. 
To date, the empirical properties data of FGMs is often limited because various 
measurements are required to define the temperature-dependent properties of 
multiphase materials.  
 
 
 
 
(a) 3-D view (b) 2-D front view 
 
Figure 3.1: The geometry configuration of a metal-ceramic FGM plate 
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3.2.1 Prediction of Effective Thermo-mechanical Properties  
  
Defining the material-property gradient for the FGM layers starts with an 
analysis of the volume fractions of the constituents. Volume fraction is the most 
important parameter that affects the material-property variation in multiphase materials. 
By taking n as the grading parameter, the volume fractions along the thickness of the 
FGM are written as: 
 
ν(z)=(
z+
h
2
h
)
n
                                                          (3.1) 
 
For metal-ceramic FGM case, the volume fraction of the composed materials leads to 
either metal or ceramic phase domination in each FG layer. The sum of each constituent 
mixing ratio will fulfill the following expression: 
 
νm(z) + νc(z) = 1                      (3.2) 
 
Since the FG structure contains various two-phase compositions, it is sufficient 
to analyze the volume fraction of only one of the constituents (Miyamoto et al., 1999). 
It should be noted that the existence of naturally inherent phases, such as residual 
porosity can be considered as the third phase in the composition, which has been 
neglected throughout numerical studies. This is because the theoretical analysis assumes 
the FGM structure as a solid object without any porosity. 
 
A review of the theoretical approaches to predict the material-property variation 
in FGMs has been presented in Chapter 2. Since the empirical properties data for the 
effective materials is limited, the implementation of the formulations which consider the 
interaction and dispersion of the bulk constituent phases is almost impossible for 
present study. By neglecting the interaction and dispersion of the constituents’ particles 
effects (and taking νf as the volume fraction of ceramic constituent) the ROM equation 
for the material-property (ξ) definition is written as: 
 
